We have M + N = 4. According to AM-GM, we get

) at+b b+c e+d d+ta
M+S = + + + >4
b+c c¢c+d d+a a+b

atc b+d a+c b+d

N+§ =
- b+c c+d d+a a+bd
at+c¢ a+c b+d b+d
" b+c a+d c+d a+b
- 4(a 1 ¢) 4(b + d)

a+b+c+d a+b+c+d:"

Therefore, M + N + 25 > 8, and 5 = 2. The equality holds ifa =b=c=d or
a=c,b=d=0 or a=c=0, b=d.

Also solved by Arkady Alt, San Jose, CA; D.M. Batinetu-Giurgiu,
Bucharest, Neculai Stanciu Buzau and Titu Zvonaru Comanesti, all from
Romania (two solutions); Bruno Salgueiro Fanego, Viveiro, Spain; David E.
Manes, SUNY College at Oneonta, Oneonta, NY; Adrian Naco, Polytechnic

University, Tirana, Albania; Paolo Perfetti, Department of Mathematics,

Tor Vergata University, Rome, Italy; Angel Plaza, University of Las Palmas
de Gran Canaria, Spain, and the proposer.

5211: Proposed by Ouvidiv Furdui, Cluj-Napoca, Romania

Let n > 1 be a natural number and let

fale) ="
where the number of #’s in the definition of f, is n. For cxample
fl (I) =z,

Calculate the limit

Solution 1 by Kee-Wai Lau, Hong Kong, China

We show the limit equals (—1)". Define fo(xz) = 1. For n > 2 and z > 0, we have
fulx) = e/n1@) e Hence by the mean value theorem, we have

fo(@) = far(@) = Inz (fo1(x) = faa(x)) €,

where € lics between f,—1(z)Ilnz and f,,—o(x)Inz.

Inz
Si i - =1i s =0 and i — 1.5
ince q]rlglll fno1(x)Inz ;5111 Jfn—o(z)Inz and }1311 — 1, so
ligg 20&) — fa1(@) . fac1(®) — faa(2)
1 (1—2a) 1 (1—z)1
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fi(z) — folz)

— X

= —1. Hence by induction we have

lim fn(ai)1 - f'nfl(x)

5 e\ 72
r—1 1\_]_ _— ,_L'}”

Clearly lim
x—1

- (_1)71.,
ag claimed.
Solution 2 by Albert Stadler, Herrliberg, Switzerland

fa(®) — fro1(x)

(1—x)n ==

We will use induction to prove that a, = 1iml
T

We have by applying L’Hoépital’s rule twice,

folz)— filz) . 2%—=x z%(1+logz) — 1

= 1i =lim — =1 = 1i
@ (1—2)2 asi(l-2)2 el —2(1-a) P 2
So the assertion holds for n = 2.
We ha(rﬂ i‘f’ () — iofnfl(z) logz — f () {f/ { ) lr\n" P 'fnil(%)\ In v\arfiﬁnla
= v d:U.In\W/ d.TU J LA J \Jn—l\"’“/ =Rl T / et v
£ = £ (£ (D 1og1) + =) g
\ 1)
So, by LL’Hopital’s rule,
an, = lim f'ﬂa(x) - fn_]_(CC) — lim f'n(x) - fnfl(m)
z—+1 (1— :L‘)n r—+1 —n(l — :E)n—l
@ (ha@logr + B2 — (@) () a(2) loga + 220
| —n(l —z)7 !

() = s (fos ) log - )

1 —n(l — )t

+ lim

z—1 _n(l _ w)nfl

So

n = z—1 (1—z) n

' (x)]ogz + fn1(@) —r
lmmmﬁﬂm@+@ﬂﬂg+ 1M1>)

)

@) (fu @) loga + 290 - £ _o(a)log — 22
] —n(l — Cl:)n_l
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= lim + I

z—1  —n(l —x)"~ l—z +>1 —n(l—x)" 1z

n—1 i IT’E—}("E> - f’n.—a‘(:':‘) 1 ] fn—l(g:') — fn—2(x>
= B CS T U+ oy dm T Ty

Solution 3 by Adrian Naco, Polytechnic University, Tirana, Albania
At first we observe that the function is of the form

fn(-x) _ wfn,l(lr) _ efn,l(;n)lnw

and that
Fulz) = faq(x) N efn-1(@)ne _ ofn2(z)mz ol  olin 1) = Jn 2(@]inz _ 1}
(1 _ .,r)n (1 _ a:)'rL (1 _ ,’E)”

fn—a(z)Inz [fn*l(x) - fn*Q(m)] Inz e[f7l_l((,:)_f]i_2(w)] e
e’'n—= -

(l — )" U‘n—l (l) - fn,_g(éli)} Inz’

The function fi(x) = x is continuous everywhere for # > 0 and

lim fi(z) =limz = 1.

x—1 fl( ) z—1

One easily comes to the conclusion that the function f,(z) = eln—1@INT ig continuous
everywhere for x > 0 as a composition of a product of two continuous functions

u(z) = fn_1(2)Inz and the exponential function f,,(z) = e“*) and as a logical result
implies that

lim fu(x) = Cil}_% [fn—1(z)Inz] _ Cubml fn_l(x)}[glglinl lnac] _
T—r

Using the known limit rule

et L el sl "
i =1=1 =1
ash  a ) [fa-1(z) — fo—2 (z)]Inx @)
since

:hinl Od(l) IhLHI [f,l,-](.’)j) - fan([L')]hlll‘

- }E fn,]_(l’) - }E f’n72(w)} (}vg% In I)

= 1-1)0=0
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So from formula (2) and (4) we derive the inductive result for one step.

fn(lf) - fn,1(£l':)

mm
z—1 (1 — ;U)”

i edtms Baa@) = fua(@lling ) iseline g
71 (1—a)n [fna(z) = faa(z)]Inw

'n—1(z)—fun—a(z)|lnz _
_ (hmeh_ﬂmmm).<H%LM—ﬂ$)—fﬂqC@Hnm>.(Hmeﬂ 1(2)= () 1)
r—r

x—+1 (I—az)™ =1 fr—1(x) = fa—2 (z)|Inx

B 1H>n fniz(aj) hl;L‘ . [fnil(x) _ fn,Q(I)} ]1’1 T [fn 1(13)_fn—2(’13)] Ine _ 1
- ( 1 ) | (lii (=) ) @ — e @lne

- 1. (ﬁ [fa—1(®) — fa—a(® )]111?3) 1 = lim [fn-1(z) — frn—2(x )]11137 (5)

z—1 (1—2x) z—1 (1—x)"

Inductively we derive the general formula
lim fn(x) - fn—l(-T) — lim fn(-r) - fn—l(x) h]O 7
z—1 (1—xz) z—1 (1— JL)”
= 1,.
—  lim [fn 1( ) fnfz('l’)] In" z
z—1 (1 — $)n

[fﬂ—fZ (*T) - fn—S(CU)] In?z

z—1 (1 —;U)”

[fa(2) — f(z)| "2 2 I [ — 2] In" 2 2

291 (1—a)n o= (1—z)n
{exlnxie wJ n* 2z e‘nx[ (3371)‘11557% In™2 2
= lim = lim
w1 (1—x)n w1 (1—a)n
[e(Til)]nT — 1]} 1 Fi—1
n""ta
= lim e z—1
201 (x—1)lnzx (= )(1 —x)n
(z—1)Inx _ 1J n—1
e Inz
= (-1 (hm e ) lim g [lim — }
z=1  (z—1)lnz =1 (1 — x)

Inz Inz } n—1

= (-1 [mﬁumﬂmi_bfhlﬂ
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Applying L’Hopital’s rule we have that

£ {m) )
Jn\L) — 1\
1

<
1 (
\

<,
Y
=

_ o\
=/

Editor’s comment: There was a mistake in the statement of the problem when it first
fn(m) - fn,fl(-r)
corrected almost immediately but not before a few of the readers started working with the
incorrect statement of the problem; although those readers noted the error and corrected
it in their solutions, once again, mea culpa. Most all who submitted solutions to this
problem approached il with induction.

appeared on the web. That version asked for the h_}m1 . This mistake was
x

Also solved by Arkady Alt, San Jose, CA; Anastasios Kontronis, Athens,
Greece; Paolo Perfetti, Department of Mathematics, Tor Vergata University,
Rome, Italy, and the proposer.
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